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Constitutive equations of thermoporoelasticity for two-phase ﬂuid system derived by Coussy (2007) are
extended to those for multiphase system with anisotropic micro-heterogeneous porous media. All the
material coefﬁcients are found to be expressed by coefﬁcients common to saturated thermoporoelasticity
and saturation-dependent effective stress coefﬁcients. Experimental conditions to evaluate thermal pore
expansivity and saturation dependent effective stress coefﬁcients are also presented. Material coefﬁcients
for orthotropy and transverse isotropy, which are often seen in actual porous media, are explicitly listed
to facilitate application.
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Understanding coupled thermo-hydro-mechanical behaviors of
multiphase porous media are important in many ﬁelds such as
geotechnical engineering, reservoir geomechanics, geothermal
engineering, biomechanics, etc. (Schreﬂer, 2004). The theories for
multiphase thermoporoelasticity were developed more than a dec-
ade ago (e.g. Gawin et al., 1995; Lewis and Schreﬂer, 1998; Pao
et al., 2001), however, these were based on the assumption that
the Bishop’s effective stress coefﬁcient is equal to the saturation
of the wetting phase ﬂuid. On the other hand, the existing experi-
mental results on the Bishop’s effective stress coefﬁcient showed
that the assumption mentioned above does not hold for many
cases (e.g., compiled data by Lu and Likos (2004)). Thus, the feasi-
bility of applying the assumption is still a matter of debate. Actu-
ally, other relations for the Bishop’s effective stress coefﬁcient
with respect to the matric suction or the saturation of wetting
phase ﬂuid have also been proposed (e.g. Vanapalli et al., 1996;
Khalili and Khabbaz, 1998; Alonso et al., 2010). Coussy (2007)
developed a set of constitutive equations for unsaturated porous
solids which is free from any assumptions related to the effective
stress coefﬁcient. Aichi and Tokunaga (2011) extended Coussy
(2007)’s formulation to anisotropic materials and revealed that
all the material coefﬁcients can be expressed by experimentallyll rights reserved.
: +81 4 7136 4242.
).measurable coefﬁcients assuming micro-homogeneity and
isothermal condition. Ghabezloo and Hemmati (2011) further ex-
tended this result to micro-heterogeneous case. However, these re-
sults were still limited to the case of two-phase pore ﬂuid system
and isothermal condition. Three-phase ﬂuid system is common in
the petroleum reservoir and more than three-phase ﬂuid system
has been studied for the enhanced oil recovery (e.g. Guler et al.,
2001). The aim of this paper is to extend these theories to ther-
moporoelasticity for three-phase ﬂuid system and more than
three-phase ﬂuid system (hereinafter called multiphase ﬂuid sys-
tem) with anisotropic micro-heterogeneous media.
This paper starts from the general constitutive equation for
multiphase thermoporoelasticity based on thermodynamic
framework. Then, saturated thermoporoelasticity and thermop-
oroelasticity for two-phase ﬂuid system (Coussy, 2010, 2007)
are revisited to clarify the way to extend to the multiphase ﬂuid
system. The relationships among material coefﬁcients are exam-
ined to express all the coefﬁcients by experimentally measur-
able ones. Experimental conditions to determine saturation-
dependent effective stress coefﬁcients are theoretically derived
for the case of multiphase ﬂuid system. Material coefﬁcients
for orthotropy and transverse isotropy are calculated and the
results are explicitly listed to facilitate applications of multi-
phase thermoporoelasticity to real problems. Calculations using
available data sets are performed to show the dependencies of
some parameters on the Lagrangian saturation. For the reader’s
convenience, the symbols used in this paper are summarized in
Appendix A.
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thermoporoelasticity
Coussy (2007) derived the increment of free energy of unsatu-
rated porous solids using Lagrangian porosity and Lagrangian sat-
uration concept. It is written as:
dFs ¼ rijdeij  p1du1  p2du2  sSdT ð1Þ
where Fs is Helmholtz free energy, rij is stress tensor, eij is strain
tensor, uI is increment of Lagrangian partial porosity of I-th phase
ﬂuid due to the pore deformation, pI is pressure of I-th phase ﬂuid,
sS is entropy of solid phase, and T is temperature. In this paper, ten-
sile stresses and extensional strains are taken as positive and re-
peated subscripts in lower case (e.g., i; j; k; l) signify summation.
Though Eq. (1) was derived for two-phase pore ﬂuid in Coussy
(2010, 2007), there was no restriction on the number of pore ﬂuid
phases. Thus, it can be extended to the case of multiphase ﬂuid sys-
tem, and the increment of free energy is given by
dFs ¼ rijdeij 
Xnp
I¼1
pIduI  sSdT ð2Þ
where np is the total number of pore ﬂuid phases (np P 1). As pre-
sented in Coussy (2010, 2007), it is better to take a Legendre trans-
form of the free energyWs ¼ Fs 
Pnp
I¼1pIuI for deriving constitutive
equations in convenient forms, and it gives
dWs ¼ rijdeij 
Xnp
I¼1
uIdpI  sSdT ð3Þ
Based on Eq. (3), general constitutive equations are expressed as
follows:
rij ¼ @WS
@eij
; uI ¼ 
@WS
@pI
; sS ¼  @WS
@T
ð4Þ
Eq. (4) is an extension of Coussy (2010, 2007)’s formulation to the
multiphase ﬂuid system. In the linear elastic scheme, Ws must be
a quadratic form of its arguments eij, pI and T. Then, the linear ther-
moporoelastic constitutive equations are written in the general
form with arbitrary chosen material coefﬁcients as follows:
rij ¼ Cijklekl 
Xnp
I¼1
bIij pI  CijklaklT ð5Þ
uI ¼ bIijeij þ
Xnp
J¼1
LIJpJ  3aIT ð6Þ
where Cijkl is drained stiffness tensor, bIij is saturation dependent
effective stress coefﬁcient tensor, LIJ is pore compressibility coefﬁ-
cient for increment of partial porosity occupied by I-th phase ﬂuid
by pressure increment of J-th phase ﬂuid pressure, aij is thermal
expansivity tensor, aI is pore thermal expansivity for pore space
occupied by I-th phase ﬂuid. The reciprocal theorem requires the
following relation:
LIJ ¼ LJI ð7Þ
The further details of the material coefﬁcients bIij , LIJ , aij, aI will be
investigated in the following sections.
3. Relationships among material coefﬁcients
In this section, relationships among material coefﬁcients are
examined. The theoretical investigation starts from saturated ther-
moporoelasticity to clarify material coefﬁcients common to the
case of both single-phase and multiphase pore ﬂuid systems. Next,
poroelasticity for the case of two-phase pore ﬂuid system is revis-
ited with new saturation dependent scalar coefﬁcients. Then, thisresult is extended to non-isothermal condition. Finally, the results
from the case of two-phase pore ﬂuid system are extended to the
cases of multiphase pore ﬂuid system.
3.1. Material coefﬁcients common to saturated thermoporoelasticity
In the case where the pore is saturated with single-phase ﬂuid,
Eqs. (5) and (6) are reduced to
rij ¼ Cijklekl  bijp CijklaklT ð8Þ
u ¼ bijeij þ Lp 3aT ð9Þ
where u is increment of Lagrangian porosity, bij is Biot–Willis coef-
ﬁcient (Biot and Willis, 1957) tensor, L is constant strain pore com-
pressibility coefﬁcient, a is thermal pore expansivity under constant
strain and constant pore pressure condition. The alternative expres-
sion of L, aij and a are investigated below.
Under the isothermal unjacketed condition (rij ¼ pdij, T ¼ 0),
Eqs. (8) and (9) are simpliﬁed to
eij ¼ C1ijklðdkl  bklÞp ð10Þ
u ¼ bijeij þ Lp ð11Þ
where dij is Kronecker’s delta. On the other hand, pore deformation
can be written using unjacketed pore bulk modulus as follows:
u
/0
¼  p
K/
ð12Þ
where /0 is Lagrangian porosity, K/ is unjacketed pore bulk modu-
lus which corresponds to j1/ deﬁned by Brown and Korringa (1975)
and to K 00s deﬁned by Rice and Cleary (1976) (expression of K
00
s was
corrected by Green and Wang (1986)). Eqs. (10)–(12) gives the
expression of L as follows:
L ¼ bijC1ijklðdkl  bklÞ 
/0
K/
ð13Þ
Here, we deﬁne a second order unjacketed elastic coefﬁcients tensor
Rij as
Rij  C1ijklðdkl  bklÞ ð14Þ
and, it gives
L ¼ bijRij  /0K/ ð15Þ
Under the constant stress and constant pore pressure condition
(rij ¼ 0, p ¼ 0), Eqs. (8) and (9) are reduced to
eij ¼ aijT ð16Þ
u ¼ bijeij  3aT ð17Þ
In an analogous way of Eq. (12), pore deformation can be described
as follows:
u
/0
¼ 3a/T ð18Þ
where a/ is thermal pore expansivity under constant stress and
constant pore pressure condition. Then, Eqs. (16)–(18) give
3a ¼ aijbij  3a/ ð19Þ
Eqs. (13) and (19) are extensions of previous expressions (Ghabez-
loo et al., 2009; McTigue, 1986) to anisotropic materials. These are
also extensions of Coussy (2004)’s formulation to micro-heteroge-
neous media.
Here, /0, Cijkl, bij, K/, aij and a/ are taken for material coefﬁcients
of saturated thermoporoelasticity. These areuseful in the expression
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following examinations.
3.2. Reformulation of material coefﬁcients for the case of two-phase
pore ﬂuid
For the case of two-phase pore ﬂuid, Eqs. (5) and (6) become
rij ¼ Cijklekl  b1ij p1  b2ij p2  CijklaklT ð20Þ
u1 ¼ b1ijeij þ L11p1 þ L12p2  3a1T ð21Þ
u2 ¼ b2ijeij þ L21p1 þ L22p2  3a2T ð22Þ
Under the uniform pore pressure build-up (p1 ¼ p2 ¼ p), Eqs. (20)–
(22) should coincide with Eqs. (8) and (9). This requirement gives
the following relation:
b1ij þ b2ij ¼ bij ð23Þ
Eq. (23) allows to write
b1ij ¼ bikvkj; b2ij ¼ bikðdkj  vkjÞ ð24Þ
where vij is the Bishop’s effective stress coefﬁcient tensor. Though
Eq. (24) is not a necessary condition for Eq. (23), the linear combi-
nation is the simplest and widely used assumption since Bishop
(1959). The original Bishop’s effective stress coefﬁcient (Bishop,
1959) was deﬁned by assuming isotropy and the contribution of
the Biot–Willis coefﬁcient was not separated out. Later, Zienkiewicz
et al. (1990) explicitly separated the Bishop’s effective stress coefﬁ-
cient and the Biot–Willis coefﬁcient. Then, it is natural to call vij as
the Bishop’s effective stress coefﬁcient tensor. Anisotropy of the
Bishop’s effective stress coefﬁcient has been investigated neither
theoretically nor experimentally as long as the authors know. How-
ever, it is natural to set the coefﬁcients to be anisotropic. Based on
the symmetric nature of rij, eij and bij, vij must be also symmetric
(vij ¼ vji).
Before going into the reformulation of coefﬁcients LIJ , we intro-
duce a new scalar coefﬁcient NI which is deﬁned as:
NI  ðbIij  b/0SIdijÞC1ijklðdkl  bklÞ ð25Þ
where SI is Lagrangian saturation of I-th ﬂuid, b is poroelastic con-
stant deﬁned by Ghabezloo and Hemmati (2011) as follows:
b  Ks
K/
ð26Þ
where Ks is unjacketed bulk modulus. From Eq. (10), alternative
expressions of unjacketed bulk modulus are:
1
Ks
¼ Rii ¼ C1iiklðdkl  bklÞ ð27Þ
Then, alternative expression of NI is given by
NI ¼ bIij Rij 
/0SI
K/
ð28Þ
Through the thought experiments presented in Aichi and Tokunaga
(2011) using coefﬁcient NI (see Appendix B), the following relations
are required:
LII þ LIJ ¼ NI ð29Þ
eij ¼ ðdij  bijÞ1ðN1p1 þ N2p2Þ ð30Þ
b1ijeij þ L12ðp2  p1Þ þ N1p1 ¼ ekk ð31Þ
b2ijeij  L12ðp2  p1Þ þ N2p2 ¼ 0 ð32Þ
Then, LIJ is given byLIJ ¼ NINJL ð33Þ
The advantages of this formulation compared to previous formula-
tions (Aichi and Tokunaga, 2011; Ghabezloo and Hemmati, 2011)
are summarized as follows. Firstly, Eq. (33) is easier to compute be-
cause the long tensor calculations of LIJ is divided into the short ten-
sor calculations of NI and L. Based on Eqs. (15), (23) and (28), L can
be written as:
L ¼ N1 þ N2 ð34Þ
Thus, the calculations of NI (Eq. (25) or Eq. (28)) and the arithmetic
operations are enough to compute LIJ . This advantage is used in Sec-
tion 5. Second advantage of Eq. (33) is that the equation clearly
shows the symmetric nature of LIJ with compact formulation, and
hence, the extension to the case of general multiphase pore ﬂuid be-
comes clear. This feature is utilized in Section 3.3.
Thermal pore expansivities are reformulated in a similar way as
saturated case. Under the constant stress and constant pore pres-
sure condition (rij ¼ 0, p ¼ 0), Eqs. (20)–(22) are reduced to
u1 ¼ b1ijeij  3a1T ð35Þ
u2 ¼ b2ijeij  3a2T ð36Þ
Because the constant stress and constant pore pressure condition is
a special case of unjacketed condition and the temperature is also
uniform in porous media, the pore deformation is uniform and writ-
ten as following:
u1
/0S1
¼ u2
/0S2
¼ 3a/T ð37Þ
Eqs. (35)–(37) give
3aI ¼ aijbIij  3a//0SI ð38Þ
This is an extension of Coussy (2007)’s formulation to the case of
anisotropic micro-heterogeneous media.
3.3. Extension to the case of multiphase pore ﬂuid
For the case of three-phase pore ﬂuid (np ¼ 3), Eqs. (5) and (6)
become as follows:
rij ¼ Cijklekl  b1ij p1  b2ij p2  b3ij p3  CijklaklT ð39Þ
u1 ¼ b1ijeij þ L11p1 þ L12p2 þ L13p3  3a1T ð40Þ
u2 ¼ b2ijeij þ L21p1 þ L22p2 þ L23p3  3a2T ð41Þ
u3 ¼ b3ijeij þ L31p1 þ L32p2 þ L33p3  3a3T ð42Þ
Let us consider a thought experiment that any combination of two
ﬂuid pressures is built up to the same value (pI ¼ pJ) under constant
Lagrangian saturation. This condition is achieved by ideally replac-
ing one of the pore ﬂuid by another one of which wettability is dif-
ferent. Because the constitutive equations are derived from the free
energy of solid, the choice of ﬂuid is not restricted as discussed in
Aichi and Tokunaga (2011). Under this condition, Eqs. (39)–(42)
are required to coincide with the case of two-phase pore ﬂuid. Then,
the following relations must be satisﬁed:
X3
I¼1
bIij ¼ bij ð43Þ
LII ¼ N
2
I
L
ð44Þ
LIJ þ LIK ¼ NIðNJ þ NKÞL ð45Þ
LII þ 2LIJ þ LJJ ¼ ðNI þ NJÞ
2
L
ð46Þ
3aI ¼ aijbIij  3a//0SI ð47Þ
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bIij ¼ bikvIkj ; bnp ij ¼ bik dkj 
Xnp1
I¼1
vIkj
 !
ð48Þ
where vIij is generalized Bishop’s effective stress coefﬁcient tensor
for I-th phase ﬂuid. Eqs. (44)–(46) give
LIJ ¼ NINJL ð49Þ
Based on Eqs. (15), (28) and (43), L can be written as:
L ¼
X3
I¼1
NI ð50Þ
Thus, Eqs. (47)–(49) are simple extensions of Eqs. (24), (33), and
(38), respectively. By applying the above procedure inductively, it
is possible to extend Eqs. (47)–(50) to the general multiphase ﬂuid
system.
4. Experimental conditions for saturation-dependent effective
stress coefﬁcients
To use constitutive equations in practice, material coefﬁcients
should be evaluated experimentally. According to the examination
in Section 3, LIJ and aI consist of other coefﬁcients, and hence, seven
independent material coefﬁcients (/0, Cijkl, bij, K/, aij, a/ and bIij ) are
necessary to describe the thermoporoelastic behavior of aniso-
tropic micro-heterogeneous porous media. In these coefﬁcients,
the former six (/0, Cijkl, bij, K/, aij and a/) are common to saturated
thermoporoelasticity, and bIij is the coefﬁcients appeared in the
case of multiphase ﬂuid system. Experimental conditions for mate-
rial coefﬁcients common to saturated thermoporoelasticity have
been presented (e.g. Berryman, 2010; Charles and Heugas, 1992;
Hueckel and Pellegrini, 1996) except for a/. Here, experimental
conditions to obtain a/ and bIij are examined.
Material coefﬁcients common to saturated thermoporoelastici-
ty can be measured using water saturated samples. However, a/
is difﬁcult to be directly measured as is the case for K/. Here, the
approach for obtaining K/ is revisited, and it is shown that the sim-
ilar approach works out for a/. Increment of water content f is ex-
pressed as follows:
f dðqfuÞ
qf
¼ bijeijþbijRijpþ/0
1
Kf
 1
K/
 
pðaijbij3a//0þ3af/0ÞT ð51Þ
where qf is density of water, Kf is bulk modulus of water, af is ther-
mal expansivity of water, and it is possible to assume that these are
the known parameters. Let us consider that isotropic conﬁning
stress is applied under isothermal and undrained condition
(rij ¼ rdij, f ¼ 0, T ¼ 0). Eqs. (8) and (51) with the aid of Eq. (27)
give
B ¼ p
r
¼
1
K  1Ks
1
K  1Ks þ /0 1Kf 
1
K/
  ð52Þ
where K  1=C1iikk is drained bulk modulus. Eq. (52) corresponds to
Skempton (1954)’s B coefﬁcient. Eq. (52) gives
1
K/
¼ 1
/0
/0
Kf
 1
K
 1
Ks
 
1
B
 1
  
ð53Þ
Eq. (53) has been widely used to estimate K/ (e.g. Green and Wang,
1986; Ghabezloo et al., 2008). Similarly, under constant stress and
undrained condition (rij ¼ 0, f ¼ 0), Eqs. (8) and (51) give
K ¼ p
T
¼ 3/0ðaf  a/Þ
1
K  1Ks þ /0 1Kf 
1
K/
  ð54Þ
Eq. (54) corresponds to Ghabezloo et al. (2009)’sK coefﬁcient and it
gives a/ by the following equation:a/ ¼ af þ K3/0
1
K
 1
Ks
þ /0
1
Kf
 1
K/
  
ð55Þ
Once Cijkl and Rij are known, pore pressure measurements in un-
drained heating test give a/. Until now, the value of a/ has been
rarely evaluated by experiments (Ingebritsen et al., 2006). Actually,
the indirect evaluation of K/ and a/ using Eqs. (53) and (55) is quite
difﬁcult because of the rather higher sensitivity of these parameters
to small changes of each of the other parameters appeared in the
equations. Recently, micromechanical approach to estimate K/
and a/ was presented (e.g. Ghabezloo, 2010, 2011), and it can be
an alternative method to obtain these parameters.
Under isothermal condition, Eq. (5) can be reformulated with
the aid of Eq. (23) and is written as follows:
Cijklekl ¼ rij þ bijpnp
 	 Xnp1
I¼1
bIij ðpnp  pIÞ ð56Þ
According to Eq. (56), bIij represents the contribution factor of pres-
sure difference (pnp  pI) to strain. Here, let us consider the experi-
mental condition that only the pressure difference between two
ﬂuids J (wetting phase) and np (non-wetting phase) are non-zero
under constant net stress. This condition is expressed as follows:
rij þ bijpnp ¼ 0; pnp  pI ¼ 0 ðfor I – J; I < npÞ ð57Þ
This can be achieved simply by using two ﬂuids for experiment and
keeping net stress constant. By substituting Eq. (57) into Eq. (56),
we obtain
bJij ¼ 
Cijklekl
pnp  pJ
ð58Þ
Then, once Cijkl is known, bIij can be evaluated by strain measure-
ment under the controlled pressure difference (pnp  pI). This kind
of experiment has already been presented for the case of two-phase
pore ﬂuid (e.g. Fredlund and Rahardjo, 1993). The above examina-
tion suggests that such experiments for np  1 combinations of
two ﬂuids give all bIij for the case of multiphase pore ﬂuid.
5. Material coefﬁcients for special cases
For the fully anisotropic case, the independent material coefﬁ-
cients are Lagrangian porosity, twenty one drained elastic moduli,
six Biot–Willis coefﬁcients, 6 ðnp  1Þ saturation dependent
effective stress coefﬁcients, one unjacketed pore bulk modulus,
six thermal expansivities and one thermal pore expansivity. In
many cases, porous media exhibit a certain degree of symmetry
and the number of independent material coefﬁcients decreases.
In this section, orthotropy, transverse isotropy, and isotropy are
examined and the material coefﬁcients are explicitly listed to facil-
itate applications. For the sake of convenience, matrix and vector
formulations are adopted in this section as follows:
r  rxx;ryy;rzz;rxy;ryz;rzx

 t ð59Þ
e  exx; eyy; ezz; exy; eyz; ezx

 t ð60Þ
b  bxx; byy; bzz; bxy; byz; bzx

 t ð61Þ
bI  bIxx ; bIyy ; bIzz ; bIxy ; bIyz ; bIzx

 t
¼ bxxvIxx ; byyvIyy ; bzzvIzz ; bxyvIxy ; byzvIyz ; bzxvIzx
h it
ð62Þ
d  ½1;1;1;0;0;0t ð63Þ
a  ½axx;ayy;azz;axy;ayz;azxt ð64Þ
where superscript t denotes transposition. By using these deﬁni-
tions and writing drained stiffness matrix as C, Eqs. (5) and (6)
are reformulated as:
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Xnp
I¼1
bIpI  CaT ð65Þ
uI ¼ btIe
Xnp
I¼1
NINJPnp
K¼1NK
pJ  3aIT ð66Þ
Also, Eqs. (28) and (47) are written as:
NI ¼ btIC1ðd bÞ 
/0SI
K/
ð67Þ
3aI ¼ atbI  3a//0SI ð68Þ5.1. Orthotropy
For the case of orthotropy, drained stiffness matrix C are written
by three drained Young’s moduli (Ex, Ey and Ez), three drained Pois-
son’s ratios (myx, mzy and mzx) and three shear moduli (Gxy, Gyz and
Gzx) as follows (e.g. Cheng, 1997):
C ¼
Mxx Mxy Mxz 0 0 0
Mxy Myy Myz 0 0 0
Mxz Myz Mzz 0 0 0
0 0 0 2Gxy 0 0
0 0 0 0 2Gyz 0
0 0 0 0 0 2Gzx
0
BBBBBBBB@
1
CCCCCCCCA
ð69Þ
where
Mxx ¼
ExEyðEz  Eym2zyÞ
A
ð70Þ
Myy ¼
E2yðEz  Exm2zxÞ
A
ð71Þ
Mzz ¼
E2z ðEy  Exm2yxÞ
A
ð72Þ
Mxy ¼ ExEyðEzmyx  EymzxmzyÞA ð73Þ
Mxz ¼ ExEyEzðmzx  myxmzyÞA ð74Þ
Myz ¼ EyEzðExmyxmzx  EymzyÞA ð75Þ
A ¼ EyEz  ExEym2yx  ExEym2zx  E2ym2zy  2ExEymyxmzxmzy ð76Þ
Inverse matrix of C is also written by the same elastic moduli as fol-
lows (e.g. Cheng, 1997):
C1 ¼
1=Ex myx=Ey mzx=Ez 0 0 0
myx=Ey 1=Ey mzy=Ez 0 0 0
mzx=Ez mzy=Ez 1=Ez 0 0 0
0 0 0 1=2Gxy 0 0
0 0 0 0 1=2Gyz 0
0 0 0 0 0 1=2Gzx
0
BBBBBBBB@
1
CCCCCCCCA
ð77Þ
Biot–Willis coefﬁcient vector has three independent components
(e.g. Cheng, 1997):
b ¼ ½bx; by; bz;0;0;0t ð78Þ
Also, saturation-dependent effective stress coefﬁcient vector has
3 ðnp  1Þ independent components and written as:
bI ¼ ½bxvIx ; byvIy ; bzvIz ;0;0;0
t ð79Þ
Thermal expansivity vector has three independent components (e.g.
Nowinski, 1978):
a ¼ ½ax;ay;az;0;0;0t ð80ÞThen, remaining coefﬁcients NI and aI can be explicitly expressed by
other coefﬁcients as follows:
NI ¼ ð1 bxÞ
bxvIx
Ex

myxbyvIy
Ey
 mzybzvIz
Ez
 !
þ ð1 byÞ 
myxbxvIx
Ey
þ
byvIy
Ey
 mzybzvIz
Ez
 !
þ ð1 bzÞ
Ez
ðbzvIz  mzxbxvIx  mzybyvIy Þ 
/0SI
K/
ð81Þ
3aI ¼ axbxvIx þ aybyvIy þ azbzvIz  3a//0SI ð82Þ5.2. Transverse isotropy
For the case of transverse isotropy, drained stiffness matrix C
are written by two drained Young’s moduli (Eh and Ez), two drained
Poisson’s ratio ðmhh; mzhÞ and one shear modulus (G) as follows (e.g.
Cheng, 1997):
C ¼
Mxx Mxy Mxz 0 0 0
Mxy Myy Myz 0 0 0
Mxz Myz Mzz 0 0 0
0 0 0 Mxx Mxy 0 0
0 0 0 0 2G 0
0 0 0 0 0 2G
0
BBBBBBBBBBBB@
1
CCCCCCCCCCCCA
ð83Þ
where
Mxx ¼ Myy ¼
Eh Ez  Ehm2zh
 	
ð1þ mhhÞðEz  Ezmhh  2Ehm2zhÞ
ð84Þ
Mxy ¼
Eh Ezmhh  Ehm2zh
 	
1þ mhhð Þ Ez  Ezmhh  2Ehm2zh
 	 ð85Þ
Mxz ¼ Myz ¼ EhEzmzhEz  Ezmhh  2Ehm2zh
ð86Þ
Mzz ¼ E
2
z ð1 mhhÞ
Ez  Ezmhh  2Ehm2zh
ð87Þ
Here, z-axis is taken as the axis of symmetry. Inverse matrix of C is
also written by the same elastic moduli as follows (e.g. Cheng,
1997):
C1 ¼
1=Eh mhh=Eh mhz=Ez 0 0 0
mhh=Eh 1=Eh mhz=Ez 0 0 0
mhz=Ez mhz=Ez 1=Ez 0 0 0
0 0 0 Eh2ð1þmhhÞ 0 0
0 0 0 0 1=2G 0
0 0 0 0 0 1=2G
0
BBBBBBBB@
1
CCCCCCCCA
ð88Þ
Biot–Willis coefﬁcient vector has two independent components
(e.g. Cheng, 1997):
b ¼ ½bh; bh; bz;0;0;0t ð89Þ
Also, saturation dependent effective stress coefﬁcient vector has
2 ðnp  1Þ independent components and written as:
bI ¼ ½bhvIh ; bhvIh ; bhvIz ;0;0;0
t ð90Þ
Thermal expansivity vector has two independent components and
written as (e.g. Nowinski, 1978):
a ¼ ½ah;ah;az;0;0;0t ð91Þ
Then, remaining coefﬁcients NI and aI are given by
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ð1 mhhÞbhvIh
Eh
 mhzbzvIz
Ez
" #
þ ð1 bzÞ
Ez
ðbzvIz  2mhzbhvIh Þ 
/0SI
K/
ð92Þ
3aI ¼ 2ahbhvIh þ azbzvIz  3a//0SI ð93ÞFig. 1. Assumed Bishop’s effective stress coefﬁcients.
Fig. 2. Calculated pore compressibilities. Solid lines were calculated using Eq. (96),
and dashed lines were calculated assuming v1h ¼ v1z ¼ S1.5.3. Isotropy
For the case of isotropy, C and C1 are described by two inde-
pendent drained elastic moduli and b is reduced to one Biot–Willis
coefﬁcient (Biot and Willis, 1957). a is also reduced to one thermal
expansivity (e.g. Nowinski, 1978). bI is also reduced to np  1 sat-
uration-dependent effective stress coefﬁcients. Then, the remain-
ing coefﬁcients NI and aI are given by
NI ¼ bvIð1 bÞK 
/0SI
K/
¼ bvI
Ks
 /0SI
K/
ð94Þ
aI ¼ abvI  a//0SI ð95Þ
6. Preliminary calculations for LIJ and aI
In this section, preliminary calculations for saturation depen-
dent pore compressibilities and pore thermal expansivities, i.e.,
LIJ and aI , are presented. Let us assume that a transversely isotropic
sandstone is saturated by ﬂuid 1 (wetting phase) and ﬂuid 2 (non-
wetting phase), and we hereafter we use the coefﬁcients obtained
from the Berea sandstone (Hart, 2000; Contreras et al., 1982) as an
example. Transverse isotropic poroelastic coefﬁcients were calcu-
lated from the experimental results under 20 MPa conﬁning stress
and 10 MPa pore pressure by Hart (2000). Thermal expansivity un-
der 20–100 C was adopted from Contreras et al. (1982), and we as-
sume ah ¼ az. These coefﬁcients are summarized in Table 1. The
Bishop’s effective stress coefﬁcients were estimated by the follow-
ing empirical relation developed by Khalili and Khabbaz (1998).
v ¼ p2  p1
se
 r
ð96Þ
where se is the pressure difference between the wetting phase ﬂuid
and the non-wetting phase ﬂuid at the entry of the non-wetting
phase ﬂuid and r is empirical parameter. r ranges from 0.4 (clay)
to 0.65 (sand), and 0.55 is the best ﬁt for summarized data (Khalili
and Khabbaz, 1998). The suction characteristic curve for Eq. (96)
was adopted from Li and Horne (2006). Based on the experimental
conditions of the mercury injection porosimetry, i.e., rij ¼ p2dij,
p1 ¼ 0, 0 < p2 < 20 [MPa] (Li and Horne, 2006) and T ¼ 0, we obtain
ju2j ¼ ½b2ij C1ijklðdkl  b2kl Þ  L22p2 < bijC1ijkkp2 < 0:004 ð97Þ
Then, the difference between Eulerian saturation and Lagrangian
saturation during the measurement of suction characteristic curveTable 1
Thermoporoelastic coefﬁcients used for the preliminary calculation.
Coefﬁcient Value Source
Eh [GPa] 11.7 Calculated from Hart (2000)
Ez [GPa] 9.68 Calculated from Hart (2000)
mhh 0.204 Calculated from Hart (2000)
mzh 0.103 Calculated from Hart (2000)
bh 0.877 Calculated from Hart (2000)
bz 0.760 Calculated from Hart (2000)
/0 0.21 Hart (2000)
K/ [GPa] 15 Calculated from Hart (2000)
ah , az [K1] 1:0 105 Contreras et al. (1982)
a/ [K1] 1:3 105 Contreras et al. (1982)
Fig. 3. Calculated thermal pore expansivities. Solid lines were calculated using Eq.
(96), and dashed lines were calculated assuming v1h ¼ v1z ¼ S1.was estimated to be small and was neglected in the calculation of
Eq. (96) here. Anisotropy of the Bishop’s effective stress coefﬁcients
have been rarely studied but a DEM based investigation by Sholtès
et al. (2009) obtained v1z  1:13v1h at S1 ¼ 0:20 for a glass beads
sample during a suction-controlled triaxial compression test. As
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that v1z is equal to 1:13v1hat S1 ¼ 0:20 and r is close to 0.55. Calcu-
lated curves of the Bishop’s effective stress coefﬁcients are shown in
Fig. 1.
From Eqs. (34) and (92), L ¼ 1:3 102 GPa1 was obtained.
This is about one tenth of the drained bulk compressibility, which
is 0.129 GPa1 (Hart, 2000). From Eqs. (33), (92) and L, LIJ were cal-
culated and the results are shown in Fig. 2. L12 is zero both at S1 ¼ 0
and S1 ¼ 1, and has a maximum at S1 ¼ 0:33. L11 and L22 are zero at
S1 ¼ 0 and S1 ¼ 1, respectively, and monotonically change and
reach to L at S1 ¼ 1 and S1 ¼ 0, respectively. aI were calculated
from Eq. (93) and the results are shown in Fig. 3. a1 and a2 are zero
at S1 ¼ 0 and S1 ¼ 1, respectively, and monotonically change and
reach to maximum values at S1 ¼ 1 and S1 ¼ 0, respectively. The
calculated LIJ and aI were also compared with those assuming
v1z ¼ v1h ¼ S1 in Figs. 2 and 3, respectively. The dependency of LIJ
on the assumed Bishop’s effective stress coefﬁcient curves is rather
large while those of aI are relatively small. Data acquisition
through laboratory experiments is necessary to further understand
the characteristics and dependency of these parameters in actual
materials.7. Conclusion
The relationships among material coefﬁcients in multiphase
thermoporoelastic constitutive equations for anisotropic micro-
heterogeneous media were theoretically investigated. By introduc-
ing new saturation dependent scalar coefﬁcients, NI , the expression
of pore pressure coefﬁcients became more compact and easier to
calculate for the case of two-phase pore ﬂuid. Also, their extensions
to multiphase thermoporoelasticity became clear. Experimental
conditions to obtain thermal pore expansivity and saturation
dependent effective stress coefﬁcients were also examined. The
results showed that all the material coefﬁcients are expressed by
experimentally measurable coefﬁcients. The relations for the case
of orthotropy, transverse isotropy, and isotropy were also explicitly
listed for the convenience of modeling or experimental purposes.
Using the existing experimental data and the empirical relation,
preliminary calculations to evaluate saturation dependent
pore compressibilities and thermal pore expansivities were
demonstrated.
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reviewers.Appendix A. List of symbolsB Skempton’s B coefﬁcient
b Biot–Willis coefﬁcient for isotropic material
bij Biot–Willis coefﬁcient tensor
b Biot–Willis coefﬁcient tensor in vector format
bIij saturation dependent effective stress coefﬁcient tensor
bI saturation dependent effective stress coefﬁcient tensor
in vector format
bi Biot–Willis coefﬁcient for i-th direction (i ¼ x; y; z)
bh Biot–Willis coefﬁcient in the plane of isotropy
Cijkl drained stiffness tensorC drained stiffness tensor in matrix format
Ei drained Young’s modulus of i-th direction (i ¼ x; y; z)
Eh drained Young’s modulus in the plane of isotropy
Fs Helmholtz free energy per unit volume
G shear modulus normal to the plane of isotropy
Gij shear modulus for coordinate planes i–j (i; j ¼ x; y; z)
K drained bulk modulus 1=K ¼ C1iijj
Kf bulk modulus of water
Ks unjacketed bulk modulus 1=Ks ¼ Rii
K/ unjacketed pore bulk modulus
L constant strain pore compressibility coefﬁcient
LIJ pore compressibility coefﬁcient for the increment of
partial porosity occupied by I-th ﬂuid by increment of J-
th phase ﬂuid pressureMij component of C matrix (i; j ¼ x; y; z)
np total number of pore ﬂuid phases
NI saturation dependent coefﬁcient deﬁned in Eq. (25)
pI pessure of I-th phase ﬂuid
Rij unjacketed compressibility tensor Rij  C1ijklðdkl  bklÞ
se pressure difference between wetting phase ﬂuid and
non-wetting phase ﬂuid at the entry of non-wetting
phase ﬂuidSI Lagrangian saturation of I-th ﬂuid
sS entropy of solid phase per unit volume
T temperature
Ws Legendre transform of the free energy
Ws  Fs 
Pnp
I¼1pIuI
a thermal expansivity under constant stress and constant
pore ﬂuid pressures for isotropic material
aij thermal expansivity tensor under constant stress and
constant pore ﬂuid pressures
a thermal expansivity tensor in vector format
ai thermal expansivity coefﬁcient for i-th direction
(i ¼ x; y; z)
ah thermal expansivity in the plane of isotropy
a thermal pore expansivity under constant strain and
constant pore pressure
aI thermal pore expansivity for pore space occupied by I-th
phase ﬂuid under constant strain and constant pore ﬂuid
pressuresaf thermal expansivity coefﬁcient of water
a/ thermal pore expansivity under constant stress and
constant pore pressure
b ratio of unjacketed bulk modulus and unjacketed pore
bulk modulus
dij Kronecker’s delta
d Kronecker’s delta in vector format
eij strain tensor
e strain tensor in vector format
K Ghabezloo–Sulem–SaintMarc K coefﬁcient
mij drained Poisson’s ratio characterizing the compressional
strain in the direction of j by a tensile stress in the
direction of i (i; j ¼ x; y; z)mhh drained Poisson’s ration in the plane of isotropy
mzh drained Poisson’s ratio corresponding to the transverse
strain in the plane of isotropy due to a tensile stress
normal to the plane of isotropy/0 Lagrangian porosity at initial stateu
increment of Lagrangian porosityuI increment of Lagrangian partial porosity of I-th phase
ﬂuid due to the pore deformationqf density of water
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r stress tensor in vector format
vij Bishop’s effective stress coefﬁcient tensor for two-phase
ﬂuid
vIij generalized Bishop’s effective stress coefﬁcient tensor
for I-th phase ﬂuid
vIi generalized Bishop’s effective stress coefﬁcient for i-th
direction for I-th phase ﬂuid
vIh generalized Bishop’s effective stress coefﬁcient in the
plane of isotropy for I-th phase ﬂuid
vI generalized Bishop’s effective stress coefﬁcient for I-th
phase ﬂuid for isotropic material
f increment of water contentAppendix B
Let us consider the isothermal unjacketed condition as T ¼ 0,
p1 ¼ p2 ¼ p – 0 and rij ¼ pdij. Substituting these conditions into
Eqs. (20)–(22) with the aid of Eq. (23), we obtain
eij ¼ C1ijklðbkl  dklÞp ðB:1Þ
u1 ¼ b1ijeij þ ðL11 þ L12Þp ðB:2Þ
u2 ¼ b2ijeij þ ðL21 þ L22Þp ðB:3Þ
Under the unjacketed condition, the volumetric strain in the porous
media is uniform, and is expressed as follows (Ghabezloo and Hem-
mati, 2011):
bekk ¼ u1/0S1
¼ u2
/0S2
ðB:4Þ
Substituting Eqs. (B.1) and (B.4) into Eqs. (B.2) and (B.3), we obtain
Eq. (29). From Eq. (29), we can formulate Eqs. (21) and (22) as
u1 ¼ b1ijeij þ N1p1 þ L12ðp2  p1Þ ðB:5Þ
u2 ¼ b2ijeij  L21ðp2  p1Þ þ N2p2 ðB:6Þ
Next, we consider the isothermal build-up of the pressure of the
wetting phase ﬂuid under constant Lagrangian partial porosity of
the non-wetting phase ﬂuid. This condition is written as follows:
T ¼ 0 ðB:7Þ
p1 ¼ p– 0 ðB:8Þ
u2 ¼ 0 ðB:9Þ
DS1 ¼ DS2 ¼ 0: ðB:10Þ
In addition, suppose that the applied total stress is
rij ¼ /0½S1pþ S2p2dij ðB:11Þ
These experimental conditions are achievable by controlling the
pressure difference (p2  p1) under the constant Lagrangian satura-
tion by replacing the pore ﬂuids without displacement of ﬂuid–ﬂuid
interfaces (Aichi and Tokunaga, 2011). The choice of the ﬂuids is not
restricted because the constitutive relations are derived from the
free energy of solid. Substituting Eq. (B.11) into Eq. (20), we obtain
eij ¼ C1ijkl ðb1kl  /0S1dklÞpþ ðb2kl  /0S2dklÞp2

  ðB:12Þ
Because of the symmetry of the elastic constants tensor, i.e.,
C1ijkl ¼ C1klij, Eq. (B.12) is equivalent to Eq. (30). Also, from Eqs. (B.5)
and (B.6), we obtain
u1 þu2 ¼ bijeij þ N1pþ N2p2 ðB:13Þ
Comparing Eq. (30) with Eq. (B.13), we obtainu1 þu2 ¼ ekk ðB:14Þ
Eq. (B.14) indicates that the increment of porosity is equal to the
bulk strain of the material, and hence, the strain of solid constituent
is zero. From Eq. (B.9), Eqs. (B.5) and (B.6) become Eqs. (31) and
(32), respectively.
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